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Volume Il Part IV
Chapters VIl - X

General Equations of the Magnetic Field

1. Introduction

I have begun this translation of the Equations portion of
Maxwell’s *“A Treatise on Electricity and Magnetism” for a
number of reasons. I have desired for years to understand the
origins and meaning of Maxwell’s Equations, or better stated,
the Maxwell — Heaviside Equations. I have taken a number of
academic courses on Engineering Electromagnetics and from
what I can see now that was a lot of delving into the fruit of
Maxwell’s Equations. I have had a long career in Electronic
Engineering a good deal of which was successfully dealing in-
depth with electromagnetics, yet, understanding Maxwell’s
Equations eluded me.

Over the last 20 years or so, a number of people have asked
me my opinion about a subject that has been bantered about re-
lating to the production of “free energy” that is derived from the
application of Maxwell’s equations in quaternion form. I had
some familiarity with quaternions as I had used them to perform
rotations in the data processing of a strap-down inertial plat-
form; however, that had been basically a cookbook implementa-
tion and I was really not up-to-date with quaternion algebra. I
had read in a number of places that Maxwell in his Treatise had
expressed his equations in quaternions. And that, in subsequent
editions at the insistence of his publishers had removed reference
to them.

In any case, my knowledge at the time regarding Max-
well’s equations and his Treatise was very limited, almost non-
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existent and I had to reply that I simply did not know. And, I
wanted to know; however, I couldn’t find a path to that knowl-
edge, although I did enroll at UT as a doctorial student and took
a number of courses over two years in electrical engineering in-
cluding advanced engineering electromagnetics. Although I
could work with the fruit of Maxwell’s equations quite well, 1
really did not understand Maxwell’s equations in the way 1
would like. Over the years I have made a number of stabs of
remedying this, including acquiring quite a library on the sub-
ject, all to no avail. And then -----

After reading a couple of delightful books on Faraday,
Maxwell and Heaviside (See references 1 &2), I decided to dive
into it more deeply. I obtained copies of both volumes of his
treatise and started my study. My primary interest was in the
section of Volume II dealing with the derivations of and presen-
tation of his equations. It was a rude awakening, realizing the
difficulty of the task given Maxwell’s notation and the limits of
conventional notation at the time of his work. The text, for me,
is extremely difficult to read. Vector notation, with the excep-
tion of quaternions, had not come into common usage at that
time. With the aid of vector algebra and its notation, we can
express operations on the vector B in terms of its components
BB ,B_or B=Bi+B j+Bj%, or further as some would prefer

B=B.i+ B},]A' +Bk. Maxwell knew the vector B consisted of

three components that he labeled a, b, ¢ and carried out his ex-
pression laboriously with each component independently. Not
only is this difficult and time-consuming to write, it is a night-
mare to read and understand. With modern notation, the com-
ponent name carries the vector identity, whereas with three dif-
ferent letters for the component names, not related to the vector
name; it is taxing to keep track of what is what. This is espe-
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cially difficult due to the complexity of the material that the
reader is attempting to understand.

To add to that, in my view, Maxwell was not diligent in de-
fining his variables prior to using them. (All this makes it more
amazing to me that Heaviside, a self taught individual, did read
and understand what Maxwell had written, when most of his
highly educated, contemporaries could not. Indeed, from this
basis he created the vector algebra and notation in which to ex-
press Maxwell’s work.) Trying, to read Maxwell’s work and
keeping track of the variables, and trying to find just what this
particular symbol relates to or what he is attempting to present
is mind-boggling, to say the least. Some comments from some of
Maxwell’s students goes to the point here. They loved him

dearly and were inspired by him, despite in their opinion, he was
a terrible teacher.

A good example is
E:gS pW 0% g9 (5)
z ds ds ds
where
po W _pdx_dF dy
élt gt Cc;g ZIII Equations of
lg=a® 22 _ 22 w b Electromotive (B)
dt dt dt dy P
orce
popls_,dy dH dy
d dt dt dz
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VzchE@—E%JrE@df (5)
\Tra A Al
where
p g% _pd 44 dg
' i jt ! jt dﬁ 355 Equations of
lE =B ¥ _p _x__y__¢ > Electromotive
v v dt “dt dt  dy P
JA orce
p_opd_pdy a4 df

2. Maxwell and Quaternions

Thus, Maxwell was quite limited in his expression of his
ideas. Heaviside and Gibbs provided the really needed upgrade
in notation, that we engineers take for granted today, particu-
larly vector notation. Not having the benefit of vector algebra
and notation, Maxwell was quite burdened in attempting to
share his ideas. It seems to me that Maxwell saw the benefit of
vector notation in Hamilton’s quaternions and latched on to the
vector notation in quaternions and as he states in the Prelimi-
nary section of Volume I of his Treatise,
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On the Relation of Physical Quanti

10.] Tn distingnishing the kinds o
great importance to know how they
of those coordinate axes which we us
positions of things. The introduction
metry by Des Cartes was one of the g
progress, for 1t reduced the methods
from ealeulation, it is desirable to avo
Cartesian coordinates, and to fix the
space instead of its three coordinates,
direction of a force instead of its thi
of contemplating geometrical and phys
itive and more natural than the other,
with 1t did not receive their full deve
the next great step in dealing with sj
Calculus of Quaternions.

As the methods of Des Cartes are

gtndents of selence. and as thev are

Figure 1 Maxwell’s Comments on Quaternions From Vol | of His Treatise
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I think what he saw in Hamilton’s quaternions was the
germ of what vector algebra could be and latched onto Hamil-
ton’s vector notation. In my translation to modern notation, 1
have not seen a single example of his carrying his implementa-
tion of quaternions any further than expressions in vector form
“calling” them quaternions. When, in fact, he was merely ex-
pressing the beginnings of vector notation.

The conclusion I have come to in the process of this trans-
lation is that he expressed his equations in vector form and not
quaternions even though he thought he was expressing in qua-
ternions. This is not to say that it may be possible to express
Maxwell’s equations in quaternions or some other advanced al-
gebra to great advantage, I am just saying that I don’t believe
that Maxwell did. As far as I can tell, Maxwell did not carry out
any quaternion algebra or calculation in his Treatise.

3. Maxwell’s Variable Names

Maxwell listed some of his variable names in Volume 11,
Part 1V, Chapter VIII, Article 618 of his Treatise. The rest are
scattered throughout the Treatise. 1 will attempt to bring those
into this document as I find them, As stated above, he used a
vector name and then three unrelated letters for the variable
components of the vector. In addition, he used German script
capital letters for the vector names. To me, this was a poor
choice, as I found the German letters very difficult to distin-
guish, many times having to reach for my eye loupe to tell which
letter was being used. Several of the letters I have not been able
to associate with an English equivalent, and come up with a let-
ter as best as I could from the descriptive name of the variable.
All of this makes for very difficult reading of his brilliant ideas.
This is the major reason I decided to translate the notation of
the section of his Treatise to modern notation for my own edifi-
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cation. Also, my considerable effort in accomplishing this my be
useful to other students of Maxwell’s Treatise.

Figure 2 below shows his presentation of his variable
names and some of the letter assignments I have made.

Quaternion FExpressions for the I

618.] In this treatise we have end
demanding from the reader a knowle
ternions. At the same time we have
idea of a wvector when it was necessar
had occasion to denote a wvector by
German letter, the number of differe:
Hamilton’s favourite symbols would 1
Whenever therefore, a German letter
tonian vector, and indicates not only 1
The constituents of a vector are denote

The principal vectors which we hawv

The radius vector of a point.........
The electromagnetic momentum at
The magnetic induction
The (total) electric current .........
The electric displacement . ..,
The electromotive force .
The mechanical force .....
Ehe veloeity ofia pointy ... eeteii.on

Figure 2 Some of Maxwell’s Variable Names
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The one character assignment that has given me the most
trouble is for the radius vector for a point, he uses p; however in
modern notation p is solidly taken. p would be great; however,
that is already taken for momentum. I have, for the time being,
selected Z, although I am not too happy with it.

Evidently the arrow over-stroke for a vector had not come
into use at that time, so his vectors receive no distinction that
the arrow over-stroke would give. There are times in the text
that I can not tell whether or not he intends for the variable to
be a vector or a scalar. In my process I have gone through the
four chapters Volume 11, Part IV, Chapter VII through X, that
in my opinion is the essence of his equations expression. This is
the first pass. There are areas where I was a bit muddled in the
translation. Now with more understanding, I will go back
through in more detail, hopefully bringing more clarity to the
result. Also, he used very little subscripting.

Figure 3 below shows Maxwell’s assignment that he used in

the text denoted by braces and my corresponding assignments
denoted by brackets.
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S F, G,H} S [;1 < ALALA }— — — —Magnetic Potential (webers / meter)
< a,b, c} & [B & Bx,By,BJ — — — —Magnetic Flux Density (webers / meter®)
" '} & [j & Jx,Jy,Jz] — ———Total Current Density (amperes / meter®)

< P, Q,R} = [E’ = Eﬁ,Ey,EZ] — — — —Electric Field Intensity (volts / meter)

= g,h} S [D =S DE,Dy,DZ] — — — —Electric Flux Density (coulombs / meter?)

< XY, Z} & [}7’ =S EE,Fy,FZ] — ———Mechanical Force (neutons)
R g),é} S [17 S Vx,Vy,VZ]— — ——The Velocity of a point (meters / sec)

S a,pf, 7/} & [I;f =S Hx,Hy,HZ] — ———Magnetic Field Intensity (amperes / meter)
e A B,C} == [f = Ix,Iy,IJ — — — —Intensity of Magnetization (Units 777) 777

7‘} =S U & jx,jy,jz] — — ——Conduction Current Density (amperes / meter”)

} S QDJ — — — —Electric Potential (?)
go] — ———Magnetic Potential (?)
— — — —Electric Charge Density (coulombs / meter®)
] — — — —Density of Magnetic 'matter' (?7)

Figure 3 My Assignment of Corresponding Notation

4. Integration
Maxwell used the variable s for the line-integral and S for

the surface-integral. Modern usage would employ [ for the line-
integral. Also, for the closed line and surface-integrals he did
not employ the circle on the integral sign.
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jfds :><]5de

jfds :>q’>fd§

5. Del, Curl and Such

Although he uses and defines the Del operator V in Article
619, he did not have access to the definitions and notation to
come later in the form of the Dot Product, the Cross Product,
the Divergence or the Curl. For example in Article 619, he de-
velops the component equations for the curl and then has to ex-
press it in a way that is not clear. It must have been painful to
develop the concept so fully and have no adequate way to ex-
press it as a vector. He did come up with a way to hint at what

he was thinking,

et = 1

619.] The equations (A) of magne
i, _dH 4@

i e L
dy dz
may now be written B =7v
where V 1s the onerator
(44 dA ]
v dy dz’
dA dA
<B =_:E__Z7> (A)
v dz dz
LA A
© dr dy 7
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He writes that B is the vector part of VA,
B=VVA.

Expanding equation (A) to vector form,

. (dA dA )\ (dA dA ) [dA dA |,
B=|——-_ Y| \p4|—=__2 U+ Yy _ =z z,

dy  dz dz dx dr dy

or

. (oA 0A ). (6A 6A ). [(0A o4
B z Z/x+ T z + Y T

B=VxA ||

it is obvious that he has clearly derived the formula for the curl

—

of A ; however, has no notation for it.
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